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Abstract
We analyze the structure of the groups of cube-free order and, based on this, we present an algo-
rithm for constructing these groups up to isomorphism.
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1. Introduction
The construction of all groups of a certain order up to isomorphism is a well-known
problem in group theory. Initiated by Cayley [4], it has a long history; see [2] for an
overview. The general idea is to find for a given order n an explicit list of groups so that
every group of order n is isomorphic to a group in the list and no two groups in the list are
isomorphic to each other.
There are algorithms available to construct the groups of a given order n. These have
been used to determine the groups of order at most 2000 except 1024; see [2] for a sum-
mary. Moreover, the groups of order n are known for certain orders n having a special
prime-power factorization. For example, the groups of order pm for m  6 and p prime
are described in [13] and the groups of square-free order are determined in [11].
Here we consider the groups of cube-free order n; that is, the prime-power factorization
of n is of the form n = pe11 · · ·perr with ei  2. First, we analyze the structure of these
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of cube-free order n and the solvable Frattini-free groups F with p1 · · ·pr | |F | and |F | | n
and we describe the structure of such Frattini-free groups F . Also, we show that every
group of cube-free order is either solvable or a direct product of a non-abelian simple
group with a solvable group.
Based on this structure analysis, we then introduce an effective algorithm to construct
all the groups of cube-free order n up to isomorphism. For example, this algorithm can be
used to determine the cube-free groups of order at most 10 000. A report on a GAP [16]
implementation of this algorithm is included below.
Taunt [15] has investigated the solvable groups of cube-free order using a different
approach. The advantage of our approach is that it translates to an effective algorithm for
constructing the groups.
2. Preliminaries
In this section we consider some special classes of groups and determine the cube-free
groups in them. First, we consider the class of nilpotent groups. Recall that every finite
nilpotent group is a direct product of its Sylow subgroups. This implies the following
lemma which exhibits the structure of the nilpotent groups of cube-free order. We denote
with Cmn the m-fold direct product of cyclic groups of order n.
Lemma 1. Let G be a nilpotent group of cube-free order. Then G ∼= Sp1 × · · · × Spr for
different primes p1, . . . , pr and Sp ∈ {Cp,C2p,Cp2} for every prime p.
Every composition factor of a group of cube-free order is a simple group of cube-free
order. Thus the simple groups of cube-free order are the basic building blocks for all groups
of cube-free order and, consequently, the following theorem will be used as a basis for later
investigations.
Theorem 2. The group G is a simple group of cube-free order if and only if
(a) G ∼= Cp for a prime p or
(b) G ∼= PSL(2,p) for a prime p > 3 with p + 1 and p − 1 cube-free.
Proof. Recall that |PSL(2,p)| = p(p − 1)(p + 1)/2 and gcd(p − 1,p + 1) = 2 for an
odd prime p. Hence we obtain that the groups listed in (a) and (b) are simple groups of
cube-free order.
It remains to show that they are the only types of simple groups with this prop-
erty. Every abelian simple group is isomorphic to a group in (a). If G is a non-abelian
simple group, then it follows from the Odd-Order Theorem, see [14, Section 5.4], that
4 | |G|. By [10, Theorem 2], we obtain that G ∼= PSL(2, q) for some prime-power q = pr .
Then |G| = q(q2 − 1)/k where k = gcd(q − 1,2). Suppose that this order is cube-free.
Then:
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• r = 1 holds if p is odd:
if r = 2, then |G| = q(q + 1)(q − 1)/2 = q(q + 1)(p − 1)(p + 1)/2 holds and hence
8 | |G| follows, since 4 | p − 1 or 4 | p + 1.
• Now p ∈ {2,3} can be ignored: PSL(2,2) and PSL(2,3) are not simple and
PSL(2,4) ∼= PSL(2,5) is covered by (b).
• Now p is odd and r = 1 holds. Thus |G| = p(p + 1)(p − 1)/2 with gcd(p + 1,
p − 1) = 2. Hence |G| is cube-free if and only if p + 1 and p − 1 are cube-free.
This completes the proof. 
3. The construction of finite groups
Gaschütz [9] suggested a general approach for constructing finite groups. Here we apply
it to the groups of cube-free order. The Frattini subgroup Φ(G) of a finite group G plays
a fundamental role in this approach. Recall that the Frattini subgroup is defined as the
intersection of all maximal subgroups of G. Further, Φ(G) is a nilpotent characteristic
subgroup of G and in [9] and [12, Proposition (III, 3.8)], the following is proved.
Theorem 3. Let G be a finite group.
(a) Φ(G/Φ(G)) = Φ(G)/Φ(G) = {1}.
(b) If p | |G| for a prime p, then p | |G/Φ(G)|.
(c) Let N G. There exists a subgroup U < G with G = NU if and only if N  Φ(G).
(d) If σ is a group homomorphism on G, then Φ(G)σ Φ(Gσ ).
Thus, the Frattini factor G/Φ(G) of a finite group G is Frattini-free; that is, it has a triv-
ial Frattini subgroup, and the group G is an extension of the Frattini-free group G/Φ(G).
We use the following definition to describe the extensions occurring in this setting.
Definition 4. The group G is an extension of a group H if G/N ∼= H for some N  G.
An extension G of H is called a Frattini extension if G/Φ(G) ∼= H/Φ(H) holds. An
extension G of H is called minimal if G/N ∼= H for a minimal normal subgroup N of G.
The following lemma shows that the minimal Frattini extensions of a group H are ex-
actly the non-split extensions of H by an irreducible H -module M . A proof can be found
in [1, Lemma 4.6].
Lemma 5. Let G be an extension of H by M . Then G is a minimal Frattini extension of
H if and only if there exists a minimal, non-complemented normal subgroup N of G with
N ∼= M and G/N ∼= H .
We split the process of constructing all groups of a given cube-free order n with prime-
power factorization n = pe1 · · ·perr into the following two steps:1
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(See Section 4.)
(2) For every computed Frattini-free group F , determine up to isomorphism all Frattini
extensions G of F of order n. (See Section 5.)
A summary of the construction algorithm is given in Section 6 and we report on the
implementation in Section 7.
4. Frattini-free groups of cube-free order
In this section we exhibit the structure of the Frattini-free groups of a given cube-free
order n and we introduce a method to construct them up to isomorphism.
As a first step, we consider the socle of a group of cube-free order. Recall that the socle
Soc(G) of a finite group G is the product of all minimal normal subgroups in G and it
is semisimple; that is, a direct product of simple groups. Thus Theorem 2 applies and we
obtain the following.
Remark 6. A semisimple group S has cube-free order if and only if S ∼= A × B × C with
• A ∈ {PSL(2, r) | r > 3 prime with r + 1 and r − 1 cube-free} ∪ {{1}},
• B = Cp1 × · · · × Cpk where p1, . . . , pk are different primes with p2i  |A|, and
• C = C2q1 × · · · × C2ql where q1, . . . , ql are different primes with qi  |A||B|.
We use the notation of Remark 6 throughout this section to analyze the Frattini-free
groups of cube-free order. As a next step towards this aim, we recall the structure of the
automorphism group of a semisimple group of cube-free order.
Lemma 7. Let S = A× B × C be a semisimple group of cube-free order.
(a) Aut(S) = Aut(A) × Aut(B) × Aut(C) with
(b) Inn(S) ∼= Inn(A) ∼= A and [Aut(A) : Inn(A)] | 2,
(c) Aut(B) =∏i Aut(Cpi ) ∼= Cp1−1 × · · · × Cpk−1,
(d) Aut(C) =∏i Aut(C2qi ) ∼= GL(2, q1) × · · · × GL(2, ql).
Proof. The groups S, B , and C decompose into a direct product of characteristic sub-
groups and thus also Aut(S), Aut(B), and Aut(C) decompose accordingly. This yields (a),
(c) and (d). Part (b) follows from Theorem 2 and [5, Section 3.3]. 
Thus the outer automorphism groups of the direct factors A and B are abelian, while this
is not necessarily true for the outer automorphism group of C. We consider the special case
C = C2q in the following and we consider those subgroups K  Aut(C) = GL(2, q) with
C  K cube-free. As q  |K| in this case, the following lemma yields a list of possibilities
for K .
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is conjugate in GL(2, q) to a subgroup of Iq or Nq , where
• Iq = Cq−1 C2 a maximal imprimitive subgroup in GL(2, q), and
• Nq = A  C2 the normalizer of a Singer cycle A ∼= Cq2−1 in GL(2, q).
Proof. Let K GL(2, q). If K is reducible and q  |K|, then K is conjugate to a group of
diagonal matrices and thus K conjugates into Iq in this case.
If K is irreducible, then, by [8, Section 4], K is either conjugated to a subgroup of
Iq or Nq , or K/Z(K) is isomorphic to a group in {A4, S4,A5,PSL(2, q),PGL(2, q)}. If
K/Z(K) ∼= S4, then 8 | |K|. If q > 5 and K/Z(K) is of the isomorphism type A4 or A5,
then, by [8, Theorem 4.5] and [8, Theorem 4.8], respectively, the group K has a center
of even order and thus 8 | |K|. One can check readily that the same holds in the case of
q ∈ {2,3,5}. Since q | |PSL(2, q)| and q | |PGL(2, q)|, this completes the proof. 
Every Frattini-free group of cube-free order has a cube-free socle and hence Remark 6
applies. We use the cube-free socle and its automorphism group as discussed in Lemmas 7
and 8 to determine the Frattini-free groups of cube-free order having a certain socle.
Theorem 9. Let S = A× B × C be a semisimple group of cube-free order.
(a) F is a Frattini-free group of cube-free order with socle S if and only if
F ∼= A × ((B × C)  K) with K Aut(B × C) such that |K||S| is cube-free.
(b) Two Frattini-free groups F1 = A × ((B × C)  K1) and F2 = A × ((B × C)  K2)
are isomorphic if and only if K1 is conjugated to K2 in Aut(B × C).
Proof. (a) “⇒”. By [9, Theorem 17], it follows that F ∼= (B × C)  L for some L 
Aut(S) with Inn(S) L. Thus the case A = {1} follows directly and it remains to consider
the case A = {1}. By Lemma 7(b), we can identify A ∼= Inn(A) ∼= Inn(S). Thus 4 | | Inn(A)|
and it follows that 2  [L : Inn(A)] as L has cube-free order. Now Lemma 7(b) yields that
Inn(A) L Inn(A) × Aut(B) × Aut(C).
We note that Aut(B) is abelian by Lemma 7(c) and the projection of L onto Aut(C) is solv-
able by Lemma 8. Hence L is an extension of a solvable subgroup K of Aut(B)× Aut(C)
by the non-abelian simple group Inn(A). Let λ :L → Aut(Inn(A)) be the conjugation ac-
tion of L on Inn(A) and note that Lλ = Inn(Inn(A)). Denote with δ :L → L/ Inn(A)
the natural homomorphism and let µ :L → Inn(Inn(A)) × L/ Inn(A), l 	→ (lλ, lδ), be
the combination of these two maps. Then µ is an isomorphism and hence we can write
L ∼= Inn(Inn(A)) × K ∼= A × K for some solvable K  Aut(B) × Aut(C). Thus we find
that
F ∼= (B × C)  L ∼= (B × C)  (A × K) ∼= A × ((B × C)  K).
“⇐”. Let F ∼= A × ((B × C)  K) with K  Aut(B × C) and |K||S| cube-free.
Lemma 7(b) yields that A ∼= Inn(S). Hence F ∼= (B × C)  L with L = Inn(S) × K .
H. Dietrich, B. Eick / Journal of Algebra 292 (2005) 122–137 127Thus L is a cube-free group with Inn(S) LAut(S). Since |C| and |K| are coprime by
construction, it follows from Maschke’s theorem that C is semisimple as a K-module; that
is, the group C is a product of minimal K-invariant subgroups. Also, the group B is semi-
simple as a K-module. Thus B × C is semisimple as an L-module and now (b) follows
from [9, Theorem 17].
(b) Follows directly from [9, Theorem 17], and (a). 
We summarize the structure of a Frattini-free group of cube-free order and some of its
interesting properties as follows.
Corollary 10. A Frattini-free group F of cube-free order decomposes into a direct product
F = A × L where A is either trivial or non-abelian simple and L is solvable. If A is
non-trivial, then 4 | |A| and |L| is odd.
Theorem 9 yields a method to construct the Frattini-free groups of a given cube-free
order n. First, all possible semisimple groups S = A×B ×C of order dividing n are deter-
mined using Remark 6. Then for every S, all subgroups K of Aut(B ×C) with |S||K| = n
are computed up to conjugacy in Aut(B ×C). By Lemma 7, every such group K is a sub-
group of a direct product of groups of the type Cp−1 and GL(2, q). The possible groups K
can be determined up to conjugacy from their projections into the direct factors using a sub-
direct product construction, see [7]. The possible projections into a group of the type Cp−1
can be determined readily and the possible projections into a group of the type GL(2, q)
are described in Lemma 8. Once all possible groups K are determined, it is straightforward
to construct all products A × ((B × C)  K).
5. Frattini extensions of cube-free order
In this section we discuss the second step in the algorithm to construct all groups of a
given cube-free order n = pe11 · · ·perr up to isomorphism. We assume that a Frattini-free
group F with p1 · · ·pr | |F | and |F | | n is given and we want to determine up to isomor-
phism all Frattini extensions G of F of order n. We assume that the primes p1, . . . , pr are
sorted such that n/|F | = p1 · · ·ps . Then Theorem 3 implies that
Φ(G) ∼= Cp1 × · · · × Cps
for pairwise distinct primes p1, . . . , ps with pi | |F | and p2i  |F |. Hence G is a Frattini
extension of F by Cp1 × · · ·×Cps . Such Frattini extensions are described in the following
main theorem of this section.
Theorem 11. Let F be a Frattini-free group of cube-free order and write F = A×L where
A is non-abelian simple or trivial and L is solvable, as in Corollary 10. Let {p1, . . . , ps} be
a set of primes such that pi | |F | and p2i  |F | for 1 i  s and let M ∼= Cp1 × · · · × Cps .
(a) There exists a Frattini extension of F by M if and only if pi | |L| for 1 i  s. In this
case there exists exactly one Frattini extension of F by M up to isomorphism.
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We prove Theorem 11 in a sequence of steps in the remainder of this section.
As a first step, we show that it is sufficient to consider minimal Frattini extensions by
modules M which are cyclic of prime order. For this purpose we introduce the following
notation. If G1, . . . ,Gs are extensions of F by N1, . . . ,Ns , respectively, then the subdirect
product G1  · · · Gs G1 × · · · × Gs is defined by
G1  · · · Gs =
{
(g1, . . . , gs) ∈ G1 × · · · × Gs
∣∣ g1N1 = · · · = gsNs}
where we identify Gi/Ni = F . Further, for distinct primes p1, . . . , ps and a group M =
Cp1 × · · · × Cps we define Mi M by Mi ∼= Cpi and M(i)M by M(i) ∼= Cp1 × · · · ×
Cpi−1 × Cpi+1 × · · · ×Cps . Thus M = M1 × · · · ×Ms = M(i) × Mi for 1 i  s.
Theorem 12. Let F be a cube-free Frattini-free group and let M ∼= Cp1 × · · · ×Cps be an
F -module.
(a) If G is a Frattini extension of F by M , then G/M(i) is a minimal Frattini extension of
F by Mi .
(b) If G1, . . . ,Gs are minimal Frattini extensions of F by M1, . . . ,Ms , respectively, then
the group G1  · · · Gs is a Frattini extension of F by M .
(c) If G is a Frattini extension of F by M , then G/M(1)  · · · G/M(s) ∼= G.
Proof. (a) This is obvious since Φ(G/M(i)) = Φ(G)/M(i) ∼= Mi .
(b) Let D = G1  · · · Gs . Since F ∼= G1/M1 and µ : D → G1/M1, (g1, . . . , gs) 	→
g1M1, is an epimorphism with kernel M , we observe that D/M ∼= F . Next, we show that
M = Φ(D). The group Ji = {1} × · · · × {1} × Mi × {1} × · · · × {1} is a minimal normal
subgroup of D and Ji = M1 ×· · ·×Mi−1 ×{1}×Mi+1 ×· · ·×Ms is a unique complement
to Ji in M , since gcd(|M/Ji |, |Ji |) = 1. We assume, for a contradiction, that there exists
a complement R to Ji in D. Then ψi :R → D/Ji , r 	→ rJi , is an isomorphism. If Ki is
the preimage of M/Ji under ψi , then Ki ∩ Ji  R ∩ Ji = {1} and KiJi = M . Hence Ki
complements Ji in M and thus Ki = Ji . Let νi :D → D/Ki be the natural epimorphism.
Then Rνi complements J νii in D/Ki . By Theorem 3(c), this contradicts to Φ(D/Ki) =
Φ(D/Ji) = J νii . It follows that Ji has no complement R in D. Now, by Theorem 3(c), we
obtain that Ji Φ(D) and thus M = J1 · · ·Js Φ(D). Using the projection µi :D → Gi ,
Theorem 3(d) yields that Φ(D)µi Φ(Dµi ) = Φ(Gi) = Mi and therefore Φ(D)M . In
summary, it follows that Φ(D) = M .
(c) By (a), we have that Gi = G/M(i) is a minimal Frattini extension of F by Mi . Next,
we consider the homomorphism ψ : G → G1 × · · · × Gs , g 	→ (gM(1), . . . , gM(s)). If
gψ = 1, then g ∈⋂si=1 M(i) = {1} and hence ψ is a monomorphism. Since M(i)Mi = M ,
we obtain that Gψ  G1  · · ·  Gs . Now the assertion follows from |G| = |F ||M| =
|G1  · · · Gs |. 
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isomorphism type Cp1 × · · · ×Cps to the construction of minimal Frattini extensions of F
by a module of the isomorphism type Cp .
In the next step we reduce to the construction of solvable Frattini extensions of cube-
free order. For this purpose we recall that by Corollary 10 a cube-free Frattini-free group F
has the form F = A × L, where A is non-abelian simple or trivial and L is solvable. The
following theorem addresses the case that A is non-abelian simple.
Theorem 13. Let F = A × L be a Frattini-free group of cube-free order such that A is
non-abelian simple and L is solvable. Let G be a cube-free Frattini extension of F by an
F -module M ∼= Cp . Then G = A × H and H is a Frattini extension of L by M .
Proof. Since 4 | |A| and G/M ∼= A×L, it follows that p = 2. As A is non-abelian simple,
it follows that M is trivial as an A-module. By Theorem 2 and [5, Section 3.3], we obtain
that |M(A)| = 2 for the Schur multiplicator M(A) of A. Thus Hom(M(A),M) = {1}. By
the Universal Coefficients Theorem [14, Proposition 11.4.18], it follows that
H 2(A,M) ∼= Hom(M(A),M)= {1}.
Let ψ : G → F be the natural epimorphism and A  G and H  G preimages of A
and L under ψ , respectively. Then A is a split extension of A by M and, since M is a
trivial A-module, we can identify A = M × A. As (A)′ = A, it follows that AG and
H ∩ A = {1}. Thus we obtain that G = A × H and
M = Φ(G) = Φ(A) × Φ(H) = Φ(H).
Hence it follows that H/Φ(H) ∼= L. Thus H is a solvable Frattini extension of L by M .
Figure 1 exhibits the situation. 
•
G
•A • H
•A • M
•
{1}
Fig. 1.
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group L by a module of the isomorphism type M ∼= Cp . The existence and uniqueness of
such Frattini extensions depend on the module structure of M as the following theorem
shows. We write M ∼=N P if M and P are isomorphic as N -modules.
Theorem 14. Let G be a group and let P ∈ Sylp(G). Suppose that P ∼= Cp and let N =
NG(P ) the Sylow normalizer. Let M ∼= Cp be a G-module.
(a) If M ∼=N P , then there exists a unique Frattini extension of G by M up to isomorphism.
(b) If M N P , then there exists no Frattini extension of G by M .
Proof. As a preliminary step, we recall the structure of H 2(P,M), where M ∼= Cp is an
arbitrary G-module. Let P = 〈g〉 and M = 〈m〉. As P ∼= Cp ∼= M , it follows that the group
P acts trivially on M and thus defining Z = {n ∈ M | ng = n} and B = {n · ng · · ·n(gp−1) |
n ∈ M}, we obtain that Z = M and B = {1}. By [12, Proposition (I, 16.10)], this yields
that H 2(P,M) ∼= Z/B ∼= Cp . We consider H 2(P,M) as an additive group and define
α :Z2(P,M) → M, γ 	→
p−1∑
i=1
γ
(
g,gi
)
.
Then α is an epimorphism with kernel B2(P,M). For t ∈ M we define
γt :P × P → M,
(
gi, gj
) 	→
{
0 i + j < p,
t i + j  p,
where z = z mod p for z ∈ Z. Then γt ∈ Z2(P,M) for every t ∈ M and γ αt = t . Therefore
{γt | t ∈ M} is a transversal to B2(P,M) in Z2(P,M).
It is known that H 2(G,M) embeds into H 2(P,M), since P is a Sylow subgroup of G.
The image of this embedding depends on the module structure of M and we determine it
in the following. The group N acts on P with kernel C = CG(P ) = CN(P ). Therefore we
obtain a monomorphism N/C → Aut(P ) ∼= Cp−1. Thus N = 〈x,C〉 for some x ∈ N . We
denote the operation of the element x on P and M , respectively, by
x−1 :P → P, g 	→ ga,
x :P → P, g 	→ gb, and
x :M → M, m 	→ cm with a, b, c ∈ {1, . . . , p − 1} and ab ≡ 1 mod p.
The group N acts on Z2(P,M) via the following definition for l ∈ N and γ ∈ Z2(P,M):
γ l : (s, t) 	→ γ (sl−1 , t l−1)l .
This action of N on Z2(P,M) leaves B2(P,M) invariant and thus we obtain an in-
duced action of N on H 2(P,M). By [3, Theorem (XII, 10.1)], we find that H 2(G,M) ∼=
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action of N .
Let 0 = t ∈ M . Then γ xt ≡ γt mod B2(P,M) if and only if (γ xt )α = γ αt = t . For k ∈
{1, . . . , p − 1} we obtain the following:
γ xt
(
g,gk
)= γt(gx−1 , (gk)x−1)x = γt(ga, gak)x =
{
0 a + ak < p,
ct a + ak  p.
It follows that
(
γ xt
)α =
p−1∑
i=1
γ xt
(
g,gi
)= λct, where λ = ∣∣{k ∈ {1, . . . , p − 1} ∣∣ ak  p − a}∣∣.
Using l = b−1k, one obtains that ak = abl = l and thus λ = a. It follows that γ xt ≡ γt mod
B2(P,M) if and only if ac ≡ 1 mod p; that is, if and only if x acts on P as on M . Since
C acts trivially on P , we obtain that (γ yt )α = ty for all y ∈ C. Therefore γ ns ≡ γs mod
B2(P,M) for every s ∈ M and n ∈ N if and only if M ∼=N P . Since {γt | t ∈ M} is a
transversal to B2(P,M) in Z2(P,M), we obtain the following equivalence:
FixN
(
H 2(P,M)
)= H 2(P,M) ⇐⇒ M ∼=N P.
(a) Since M ∼=N P , we obtain that H 2(G,M) ∼= Cp . Let j ∈ Aut(M) denote the action
of j ∈ G on M . We define the group of compatible pairs
T = {(α,β) ∈ Aut(G) × Aut(M) ∣∣ ∀j ∈ G: jα = jβ}.
The group T acts on Z2(G,M) via
γ 	→ γ (α,β) and γ (α,β) : (l, h) 	→ (γ (lα−1, hα−1)β).
As Aut(M) is abelian, it follows that U = {(1, β) | β ∈ Aut(M)}  T . By construction,
there are two orbits in H 2(G,M) under the action of U : the trivial orbit {0} and the orbit
H 2(G,M) \ {0} of size p − 1. Thus by [1, Section 4.2.1], this yields that there are two
isomorphism types of extensions of G by M : the split extension which corresponds to
the trivial orbit and a non-split extension which corresponds to the non-trivial orbit. By
Theorem 3(c), the non-split extension is the only Frattini extension of G by M .
(b) As M N P , it follows that H 2(G,M) ∼= {0} and thus every extension of G by M
splits. By Theorem 3(c), there exists no Frattini extension of G by M . 
It now remains to investigate how many isomorphism types of G-modules M with M ∼=
Cp and M ∼=N P exist. The next theorem solves this problem in our considered case.
Theorem 15. Let G be a cube-free group and P ∈ Sylp(G) such that P ∼= Cp . Denote
N = NG(P ) and Z = CG(P ) and let R = ZG be the normal closure of Z in G.
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(b) If M is a G-module with M ∼=N P , then M is unique up to G-isomorphism.
(c) If G is solvable, then R ∩ N = Z.
Proof. We observe that R G and Z R ∩ N . Since N = NG(P ) and P ∈ Sylp(R), the
Frattini argument yields that G = RN . Thus the situation is as exhibited in Fig. 2.
(a) “⇒”. Let M be a G-module with M ∼=N P and let H = CG(M)G be the kernel
of the operation of G on M . Since M is trivial as a P -module, it follows that P  H
and the Frattini argument yields that G = HN . The group P is a trivial Z-module and,
as P ∼=Z M , it follows that Z  H  G and R = ZG  H . Since H ∩ N = CN(M) =
CN(P ) = CG(P ) = Z R ∩ N , the equation
|G| = |H ||N ||H ∩ N | =
|N ||R|
|N ∩ R|
shows that |H | |R| and therefore R = H . Hence R ∩ N = H ∩ N = Z is proved.
“⇐”. Let G = RN and R ∩ N = Z. We denote the action of N on P by α : N →
Aut(P ). If g = r1n1 = r2n2 ∈ G with r1, r2 ∈ R and n1, n2 ∈ N , then n1n−12 ∈ N ∩ R = Z
and thus nα1 = nα2 . Let g ∈ P be a generator of P . We define M = 〈m〉 ∼= Cp and
δ : Aut(P ) → Aut(M), (g 	→ gi) 	→ (m 	→ mi), and observe that the operation β :G →
Aut(M), h = rn 	→ (nα)δ of G on M is well-defined. The map β is a homomorphism and
the mapping g 	→ m induces an N -module isomorphism from P to M . In particular, it
follows that M is a G-module with M ∼=N P .
•
G
•R • N
• R ∩ N
• Z
• P
•
{1}
Fig. 2.
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CG(Mi) be the kernel of the operation of G on Mi for i ∈ {1,2}. The proof of (a) shows
that H1 = R = H2 and, since G = RN , it follows that M1 ∼=G M2.
(c) We use induction on |G|. The case G = P is trivial and thus we assume that P < G.
Let Q be a minimal normal subgroup of G. Since G is solvable, it follows that Q is
an elementary abelian q-group for a prime q . If q = p, then Q = P and N = G and
R ∩ N = Z by (a), since M = P is a G-module with M ∼=N P . Hence we assume in the
following that p = q . Then P ∩ Q = {1}. For a subgroup U G we define U = UQ/Q.
First, we show that Q  R holds. Suppose that Q  R. As Q is a minimal normal
subgroup of G, this yields that R∩Q = {1}. It follows that [Q,P ] [Q,R]R∩Q = {1}
and hence Q Z. But Z ∩QR ∩Q = {1} now implies that Q is trivial which contracts
the choice of Q.
Next, we note that N = NG(P ) holds, since the Frattini argument yields that NQ =
NG(PQ).
Further, we show that Z = CG(P ) holds. By construction, we have that Z  CG(P ).
Let gQ ∈ CG(P ). As CG(P )  NG(P ) = N , we can write g = hn for some h ∈ Q and
n ∈ N . Then for every k ∈ P it follows that [g, k] = [hn, k] = [h, k]n[n, k] ∈ QP . On the
other hand, gQ ∈ CG(P ) implies that [g, k] ∈ Q. Thus [n, k] = 1 for every k ∈ P . This
implies n ∈ Z and thus gQ = nQ ∈ Z. In summary, this yields that Z = CG(P ).
Now R ∩ N = Z follows from the induction hypothesis.
Finally, we show that R ∩ N = Z holds. For this purpose, we note that N ∩ Q and
P are both normal in N . Thus [N ∩ Q,P ]  N ∩ Q ∩ P = {1} and N ∩ Q  Z ∩ Q.
Hence N ∩ Q = Z ∩ Q follows. As Q  R, we find that R ∩ N = (RQ ∩ NQ)/Q and
RQ∩NQ = (R ∩N)Q. Since N ∩Q = Z ∩Q Z R, it follows that Z/Z ∩Q ∼= Z =
R ∩ N = R ∩ N ∼= R ∩ N/R ∩ N ∩ Q ∼= R ∩ N/N ∩ Q and thus R ∩ N = Z. 
Note that Theorems 12–15 yield a proof of Theorem 11.
6. Summary of the algorithm
This section summarizes the algorithm to construct all groups of a given cube-free or-
der n. The function CubeFreeGroups(n) takes as input a cube-free number n and returns a
list of all groups of order n up to isomorphism.
CubeFreeGroups(n)
initialize Groups and Simple as empty lists
for every prime p > 3 with p + 1 and p − 1 cube-free and p(p + 1)(p − 1)/2 | n do
add PSL(2,p) to Simple
for every A in Simple do
append {L × A | L ∈ CubeFreeSolvableGroups(n/|A|)} to Groups
return the list Groups
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a list of all solvable groups of order n up to isomorphism. Let n = pe11 · · ·perr be the prime-
power factorization of n.
CubeFreeSolvableGroups(n)
initialize Groups as empty list
for every m | n with p1 · · ·pr | m do
for every L in CubeFreeSolvableFFGroups(m) do
add CubeFreeSolvableFExtension(L,n/m) to Groups
return the list Groups
The function CubeFreeSolvableFFGroups(n) takes as input a cube-free number n and re-
turns a list of all Frattini-free solvable groups of order n up to isomorphism.
CubeFreeSolvableFFGroups(n)
initialize Groups as empty list
for every m | n do
write m as m = p1 · · ·pkp2k+1 · · ·p2l
define B := Cp1 × · · · × Cpk and C := Cp2k+1 × · · · × C
2
pl
append {(B × C)  K | K ∈ CubeFreeAutGrps(B × C,n/m)} to Groups
return the list Groups
The next algorithm takes a solvable cube-free group L and a square-free number n =
p1 · · ·pk with n | |L| and computes the unique cube-free Frattini extension of L by M ∼=
Cp1 × · · · ×Cpk .
CubeFreeSolvableFExtension(L,n)
write n = p1 · · ·pk
for i in {1, . . . k} do
compute a Sylow pi -subgroup P of L
determine N := NL(P ) and R := CL(P )L
note that L = RN and for l ∈ L choose l = n for l = rn ∈ RN
define Mi ∼= P as an L-module via ml := ml
compute a non-trivial γi ∈ H 2(L,Mi)
compute the extension Ei of L by Mi via γi
return E := E1  · · · Ek
Let Aut(B × C) = Cp1−1 × · · · × Cpk−1 × GL(2,pk+1) × · · · × GL(2,pl). It remains to
compute the subgroups of Aut(B × C) of a given order m up to conjugacy. From [8, Sec-
tion 4], we extract a list of all possible irreducible subgroups of GL(2,p) up to conjugacy.
By Lemma 8, we determine the required reducible subgroups of GL(2,p) as the cube-free
subgroups of the group of diagonal matrices of GL(2,p).
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initialize Groups as empty list
for pi | |B| and for pj | |C| do
compute a list Li of cube-free subgroups U  Cpi−1
compute a list Lj of all cube-free subgroups U GL(2,pj ) with pj  |U |
for all groups D := D1 × · · · × Dl with Ds ∈ Ls do
append the list of all subdirect products U D with |U | = m to Groups
return Groups
7. Implementation and results
We have implemented the algorithm described here in the computer algebra system GAP
[16]; see [6]. All runtimes are given in seconds.
7.1. The cube-free groups of order at most 10 000
We used the algorithm introduced in this paper to determine all groups of cube-free
order n with n  10 000 and here we report on the results of this computation. There are
8319 cube-free integers between 1 and 10 000. We note that 6083 of them are square-free
and we list these orders separately to demonstrate that the algorithm is particularly efficient
on square-free orders.
• # Isomorphism types of cube-free groups:
Runtime to compute these groups:
• # Isomorphism types of square-free groups:
Runtime to compute these groups:
• # Isomorphism types of cube-free but not square-free groups:
Runtime to compute these groups:
58 312
17 752
16 615
2009
41 697
15 741
The orders with the largest number of isomorphism types of groups are listed in Table 1.
Table 1
Order Factorized order # Groups Runtime
8820 22 · 32 · 5 · 72 672 197
6300 22 · 32 · 52 · 7 570 158
9900 22 · 32 · 52 · 11 492 131
7644 22 · 3 · 72 · 13 378 93
8892 22 · 32 · 13 · 19 303 82
9324 22 · 32 · 7 · 37 303 89
6084 22 · 32 · 132 298 96
3276 22 · 32 · 7 · 13 268 69
4788 22 · 32 · 7 · 19 259 71
5460 22 · 3 · 5 · 7 · 13 238 61
7260 22 · 3 · 5 · 112 234 71
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Order Factorized order # Groups Runtime
837 627 012 169 834 259 192 · 232 · 29 · 37 · 67 · 732 · 1072 24 1720
1 377 938 614 325 52 · 7 · 132 · 672 · 97 · 107 12 178
79 709 868 061 223 167 · 1912 · 2332 · 241 4 17
(. . .) 29 · 31 · 37 · · ·83 · 89 · 97 (primes) 4 48
4 912 856 910 838 423 19 · 461 · 6449 · 8779 · 9907 2 271
405 124 780 567 13 · 241 · 6449 · 20 051 2 148
7.2. Some large applications
Now we consider some larger cube-free orders. Our results are given in Table 2. The
first part of the table contains genuine cube-free orders, the second part contains some
larger square-free orders.
Most of the runtime of our algorithm is used by the computation of subdirect products in
Algorithm CubeFreeAutGrps and the determination of Frattini extensions in Algorithm
CubeFreeSolvableFExtension.
Acknowledgment
We thank Jürgen Müller for discussions on Theorem 15.
References
[1] H.U. Besche, B. Eick, Construction of finite groups, J. Symbolic Comput. 27 (1999) 387–404.
[2] H.U. Besche, B. Eick, E.A. O’Brien, A millennium project: constructing small groups, Internat. J. Algebra
Comput. 12 (2002) 623–644.
[3] H. Cartan, S. Eilenberg, Homological Algebra, Princeton Univ. Press, Princeton, NJ, 1956.
[4] A. Cayley, On the theory of groups, as depending on the symbolic equation θn = 1, Philos. Mag. 4 (7)
(1854) 40–47.
[5] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker, R.A. Wilson, Atlas of Finite Groups, Clarendon, Oxford,
1985.
[6] H. Dietrich, B. Eick, The GAP-package Cfgroups, available at http://www.icm.tu-bs.de/ag_algebra/software/
dietrich/cfgroups/.
[7] B. Eick, Charakterisierung und Konstruktion von Frattinigruppen und Anwendungen in der Konstruktion
endlicher Gruppen, Dissertation, RWTH Aachen, 1996.
[8] D.L. Flannery, E.A. O’Brien, The linear groups of small degree over finite fields, Internat. J. Algebra Com-
put. (2004), in press.
[9] W. Gaschütz, Über die Φ-Untergruppe endlicher Gruppen, Math. Z. 58 (1953) 160–170.
[10] D. Gorenstein, J. Walter, The characterization of finite groups with dihedral Sylow 2-subgroups, J. Algebra 2
(1964) 85–151.
[11] O. Hölder, Die Gruppen mit quadratfreier Ordnung, Nachr. Königl. Ges. Wiss. Göttingen Math.-Phys. K1
(1895) 211–229.
[12] B. Huppert, Endliche Gruppen I, Springer-Verlag, Heidelberg, 1967.
[13] M.F. Newman, E.A. O’Brien, M.R. Vaughan-Lee, Groups and nilpotent Lie rings whose order is the sixth
power of a prime, J. Algebra 278 (2003) 383–401.
H. Dietrich, B. Eick / Journal of Algebra 292 (2005) 122–137 137[14] D.J.S. Robinson, A Course in the Theory of Groups, Springer-Verlag, New York, 1982.
[15] D. Taunt, Remarks on the isomorphism problem in theories of construction of finite groups, Proc. Cambridge
Philos. Soc. 51 (1955) 16–24.
[16] The GAP Group, GAP – Groups, Algorithms and Programming, http://www.gap-system.org, 2000.
